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Abstract
This paper presents a 3D conflict avoidance algo-

rithm in the presence of uncertainty. The objective of
the algorithm is to ensure the safety of the airspace in
the event of a failure in the communication, navigation
or surveillance systems. The algorithm minimizes the
number of maneuvers required to maintain the safety of
the airspace under degraded conditions. Uncertainties
are modeled as an increase in the required separation
distance between aircraft. A single maneuver for each
aircraft is chosen to maintain safe separation. Maneuvers
include heading change, speed change and flight level
change. Maneuvers are simple to execute and guaran-
tee a conflict-free configuration after execution. Their
feasibility is constrained by weather avoidance, sector
boundaries and aircraft performance. A Mixed Integer
Program is used to determine the set of maneuvers to be
executed.

Notations

S Set of all aircraft in the airspace.
M Set of potential maneuvers (speed changes, head-

ing changes and flight level changes).
Mfeas

i Set of feasible maneuvers for aircraft i.
Kij Set of combination of feasible maneuvers leading

to no conflict between aircraft i and j.
C Set of clusters.
W Set of severe weather areas to be avoided.
cmk
i Overall cost of aircraft i executing maneuver k.
cmk
ij Cost of aircraft i executing maneuver k to avoid

aircraft j.
Cp Cluster p.
mk

i Binary variable indicating that aircraft i executes
maneuver k.

r0 Initial radius of avoidance.
rf Final radius of avoidance.
ṙ Rate of growth of the radius of avoidance.
tc Time horizon for conflict detection.
tg Growth time for r0 to rf for the radius of avoid-

ance.
ts Time horizon for sector boundary crossing.
tw Time horizon for weather avoidance.

Introduction
The new air traffic management concepts of oper-

ations such as described in NextGen[1] and SESAR[2]
require significant advancements in Communication,
Navigation and Surveillance (CNS) technologyies. Such
concepts of operation include high density operations
where aircraft would fly close to each other, relying on
accurate positioning systems and automation. If one
of these systems fails, a backup system is needed to
ensure the safety of the airspace. This process is called
“graceful degradation”[3]. To ensure the safety of the
airspace, there exists a minimum separation distance
between aircraft that should be maintained at all times.
The minimum separation distance between aircraft re-
sults, in what we call a circle of avoidance of radius r0

surrounding each aircraft for the horizontal plan. In the
vertical dimension, the minimum separation is given by
the flight levels. We say that two aircraft are in conflict or
do not maintain the safety of the airspace if their circles
of avoidance will intersect when no avoidance maneuver
is taken. Literature on conflict detection and avoidance
includes but is not limited to [4, 5, 6, 7] and many works
include conflict detection and avoidance under uncer-
tainties [8, 9]. Nevertheless, none of these algorithms
deal with the problem of avoidance under degraded
performance. In [3], we introduced a 2D avoidance
algorithm in the presence of uncertainties. Uncertainties
were used to model a degradation of performance in the
CNS system. They are represented as an increase in
the radius of the circle of avoidance surrounding each
aircraft. The formulation presented in [3] is based on
a Mixed Integer Linear Program and requires strong
hypotheses such as the same speed for all aircraft. In this
paper, we develop a formulation of the problem where
3D maneuvers are acceptable. The major changes from
the algorithm presented in [3] are:
• 3D maneuvers including heading change, speed

change, flight level change are authorized.
• Incorporation of constraints such as sector bound-

aries, weather avoidance and true aircraft perfor-
mances.
• Aircraft can have different speeds.



The objective of this algorithm is to provide con-
trollers with a simple set of avoidance maneuvers in
the event of a loss of performance in the CNS system.
The goal is not to optimize all avoidance maneuvers,
but rather to focus on airspace safety and to be able to
handle a large number of aircraft simultaneously. A set
of maneuvers that solves all the potential conflicts in the
case of growing radii of avoidance is first determined
and then, a single maneuver for each aircraft is chosen
by formulating and solving a mixed integer program.
The cost of each maneuver depends on the imminence
of the conflict. The paper is organized as follow: The
algorithm used to compute all the feasible solutions
is presented in the first section. The second section
introduces the mixed integer programming (MIP) for-
mulation used to choose among all the feasible solutions.
The third section presents simulation results before the
conclusion of the paper.

Algorithm Overview
Consider a system of n aircraft in a 3-dimensional

Cartesian airspace. The flat earth approximation is valid
for the distances considered in this paper. The set of all
aircraft in the airspace is denoted by S. The horizontal
position of aircraft i is (xi, yi) and its vertical position is
given by its flight level FLi. Its speed and heading are
Vi and θi, respectively. The algorithm is intended for en
route traffic.

We first give an overview of the algorithm and then
detail the different steps:

1. Organize aircraft by flight level.
2. Determine, for each aircraft i, the set of feasible

maneuvers Mfeas
i (performance, weather, sector

boundary, flight level change constraints).
3. Determine, for each pair of aircraft (i, j), the set
Kij of combinations of feasible maneuversKkl

ij that
do not lead to a conflict.

4. Cluster aircraft to reduce computing time.
5. Find the set of maneuvers (one per aircraft) that

minimizes the overall cost and ensures the safety
of the airspace.

Organization of Aircraft by Flight Level
During the en-route phase of the flight, aircraft

maintain constant pressure altitude, corresponding to
flight levels. Pilots need to obtain a clearance to increase
altitude when the weight of the aircraft permits. Then,

they can climb to the next allowed flight level. During
en-route phases, flight level changes do not occur very
often. It is then reasonable to split the overall airspace
into layers corresponding to flight levels. Aircraft can
transfer from one layer to another but the movement
of each aircraft is considered two-dimensional between
flight level change phases.

Determination of Feasible Maneuvers
To provide controllers with a simple set of avoid-

ance maneuvers, the set M of potential maneuvers for
all the aircraft includes the following: No change, speed
changes (±∆V ), heading changes (±∆θ) and flight
level changes (±∆FL). We authorize only one change
per aircraft, i.e. an aircraft cannot change heading and
change speed concurrently. Let mk

i be a binary variable
that indicates that aircraft i executes maneuver k, k ∈
M. The following discrete dynamics are used for the
aircraft:

Vi(t+ 1) = Vi(t) +m1
i∆V −m2

i∆V, (1)

θi(t+ 1) = θi(t) +m3
i∆θ −m4

i∆θ, (2)

FLi(t+ 1) = FLi(t) +m5
i∆FL−m6

i∆FL. (3)

We assume the maneuvers are immediately imple-
mented.

Theoretically, all the aircraft are able to execute all
maneuvers in M. Actually, all maneuvers might not
be feasible for each aircraft due to weather, airspace
boundary, flight level change constraints and aircraft per-
formance restrictions. LetMfeas

i be the set of feasible
maneuvers for aircraft i. Mfeas

i is a subset ofM and is
initially populated with all the elements ofM. We now
present the constraints used to determine if a maneuver is
feasible or not. If a maneuver is not feasible for aircraft
i, it is removed fromMfeas

i .

Heading Change
To determine if a heading change is feasible, we

look at the following constraints: Weather avoidance and
airspace boundary.

Weather Avoidance Let tw be the time horizon
for weather avoidance. A maneuver is not feasible if,
after execution, the new trajectory encounters a weather
cell within a time interval [0 tw]. We model severe
weather with polyhedral cells in which aircraft are not
allowed to fly. Let W be the set of all severe weather



Figure 1: Weather avoidance constraints

polyhedra wl, l = 1..nw . Weather position and size
estimation can be obtained or simulated [10].

To detect whether an aircraft encounters severe
weather for t ≤ tw, we extrapolate the position of the
aircraft for different times smaller than tw using the
above dynamics. If the extrapolated position lies within
a weather polyhedron wl ∈ W , then the maneuver is not
feasible and removed fromMfeas

i .
Weather polyhedra are 3-dimensional and do not

necessarily cover all of the flight levels. They are
extrapolated to their convex hull. The example depicted
on Figure 1 shows the reason for dealing with the
convex hull instead of the polyhedron itself. The arrows
represent the resulting velocity vectors after execution
of maneuvers m1,m2 or m3. The velocity vectors are
scaled so that the arrow heads correspond to the extrap-
olated position at time tw. Maneuver m1 corresponds
to the nominal trajectory and is not feasible since it
leads the aircraft into the severe weather cell. If m2 is
executed, the aircraft would not encounter weather for
t < tw but would then have no choice but to turn back.
Maneuver m3 is therefore the only feasible maneuver.

Airspace Boundary Constraints When propos-
ing a heading change, one needs to be careful of sector
changes. When an aircraft changes sector, the surveil-
lance of the aircraft is handed out to another controller.
If there is a surveillance degradation, this change might
be difficult and should be avoided. Traffic flow man-
agement is another reason to avoid sector changes when
trying to solve conflicts. If the neighboring sector is at

Figure 2: Sector boundary constraints

maximum capacity, a heading change leading an aircraft
to this sector is not permitted. A heading change leading
the aircraft to exit the sector out of the acceptable exit
segment is not allowed. In the situation depicted by
Figure 2, m2 is not permissible since it leads the aircraft
to exit the sector out of the allowed segment, in a time
less than a given duration designated by ts.

Speed Change
Depending on the cruise speed and altitude, accel-

erating or deccelerating could bring the aircraft out of
its flight envelope [11]. Therefore, such a maneuver will
not be allowed. Flying out of the flight envelope can
have dramatic consequences.

Flight Level Change
Vertical avoidance maneuvers are very efficient.

They are the maneuvers used by TCAS [12]. In this
paper, we aim at getting a sustainable situation after
the resolution maneuver. This means we are not only
interested in solving conflicts, but also in ensuring a
conflict-free situation for a given period of time. There-
fore, vertical avoidance maneuvers are extended to flight
level changes. A flight level change is not allowed if:

• The aircraft is at its service ceiling, that is its weight
does not allow it to climb higher [11].

• Changing flight level might immediately affect traf-
fic on the crossed flight level and on the targeted
flight level.

• The aircraft is about to initiate its descent.



Degradation Modeling and Conflict Detection
So far, the set of all possible maneuversMfeas

i for
all i ∈ S has been determined. We shall now determine
if a combination of maneuvers lead to a conflict. We
first briefly introduce the model for degradation of
performances and uncertainties.

Degradation is modeled as a growth of the radius
of avoidance. The motivation behind this model is
presented in [13]. The initial radius of avoidance is
denoted by r0 and the final one by rf . We assume
the rate of growth of the radius ṙ to be constant, i.e.
tg = rf−ri

ṙ , where tg is the time of growth of the radius
of avoidance. It represents the time we allow to increase
the separation distance between aircraft. We assume
that the radius of avoidance has a constant value for
t > tg. Figure 3(a) presents the track of a constant
radius of avoidance and Figure 3(b) presents the problem
of conflict avoidance with growing radius of avoidance.
We assume that the degradation does not affect aircraft
vertical performances, that is traffic does not need to be
spread out vertically.

a) Nominal conflict avoid-
ance problem

b) Conflict avoidance prob-
lem with growing uncertain-
ties

Figure 3: Conflict avoidance problems comparison

Let tc be the time horizon for conflict detection.
Allowing only maneuvers that do not lead to a conflict in
the next tc minutes ensures that the airspace will remain
conflict free for the next tc minutes.

To determine if a maneuver leads to a conflict, we
look at the existence of a point of intersection of the
circles of avoidance. If it exists, we calculate the time
to conflict.

Let Xr and Vr define the relative position and
velocity of aircraft j with respect to aircraft i:

Xr =
[
xj − xi
yj − yi

]
, Vr =

[
vxj − vxi

vyj − vyi

]
(4)

We first present the condition for conflict existence

with final radius of avoidance rf . The two circles of
avoidance will intersect when the distance between the
two aircraft is equal to 2rf :

‖Xr + Vrt‖ = 2rf (5)

The discriminant of this polynomial in t is

∆ = (2Xr · Vr)2 − 4V 2
r (X2

r − 4r2
f ) (6)

If ∆ ≤ 0, the circles will never intersect or be tangent
and there is no conflict. The corresponding maneuvers
are then is a feasible combination. If ∆ > 0, we have
two solutions corresponding to the very first time the
circles intersect and to the end of the intersection period.

t1,2 =
−2Xr · Vr ±

√
(2Xr · Vr)2 − 4V 2

r (X2
r − 4r2

f )

2V 2
r

(7)
Thus we have the following potential cases:
• t1 ≤ t2 ≤ 0: The circles intersected in the past, no

conflict.
• t1 ≤ 0 ≤ t2: The circles of radius rf are already

intersecting. We need to compute the time of
intersection for growing the circles. If ‖Xr‖ > 2rf ,
a sufficient condition for no conflict is Xr · Vr < 0.

• 0 ≤ t1 ≤ tg: The circles of avoidance will intersect
before the radii of avoidance reach rf . We need
to compute the time of intersection of the growing
circles.
• 0 < tg ≤ t1 < tc: The circles will intersect with

radius of avoidance rf , in a time shorter than tc.
This combination of maneuvers is not permitted,
since it leads to a conflict.
• 0 < tc ≤ t1: The circles will intersect in a

time longer than the time horizon fixed for conflict
detection. This maneuver is feasible.

Note that this requires that ‖Vr‖ 6= 0. If ‖Vr‖ =
0, aircraft have the same heading and the same speed.
A conflict can only occur during the period of growing
radii if the distance between the aircraft is smaller than
2rf .

If t1 ≥ tg, the conflict will happen after the radius
of the circles reaches rf . Otherwise, the same reasoning



applies, except that the value of t1 is obtained by solving
the following equation:

‖Xr + Vrt‖ = 2(ri + ṙt) (8)

which has solutions (if any):

t1,2 = −(Xr·Vr−8riṙ)
(V 2

r −4ṙ2)
± . . . (9)

√
(Xr·Vr−4riṙ)2−2(V 2

r −4ṙ2)(X2−4r2i )

(V 2
r −4ṙ2)

(10)

If no conflict is detected, we define Kkl
ij , a binary

variable indicating that aircraft i executes maneuver
mk
i ∈ M

feas
i and aircraft j executes maneuver ml

j ∈
Mfeas

j . Define Kij = {mk
i ∈ M

feas
i ,ml

j ∈ M
feas
j , i

and j not in conflict}. If Kkl
ij = 1,∀k ∈ Mfeas

i , l ∈
Mfeas

j , then aircraft i and j are not in conflict, no
matter what combination of maneuvers is chosen. We
say that aircraft i and j do not interact. We now present
a clustering method based on possible interactions to
reduce the computing load.

Clustering
To optimize the computational performance,

aircraft are split into clusters C. Clustering allows
parallel computation. Aircraft are clustered by potential
interaction, i.e aircraft i and j belong to the same cluster
if one of the combination of feasible maneuvers of Kij
is executed and leads to a conflict. Algorithm 1 is used
to cluster aircraft based on their possible interaction.

MIP Formulation
The previous steps provide us with a set of aircraft

clusters that can potentially interact, and a set of feasible
maneuvers for each aircraft. To select the pseudo-
optimal set of maneuvers that spreads out the traffic and
avoids conflicts, we write a mixed integer program and
use CPLEX [14] to solve it.

Maneuver Unicity for Each Aircraft
Only one maneuver per aircraft is permitted, result-

ing in the following constraint:∑
mk

i ∈M
feas
i

mk
i = 1, (11)

for each aircraft i ∈ S.

Input: Set of n aircraft and no cluster
Output: Set of clusters
foreach aircraft i = 2 to n do

foreach aircraft j = 1 to i− 1 do
if aircraft i and j can be in conflict then

if aircraft j belongs to a cluster Ck
then

if aircraft i belongs to a cluster
Cl then

join clusters Ck and Cl;
else

add aircraft i to cluster Ck
end

else
if aircraft i belongs to a cluster
Cl then

add aircraft j to cluster Cl
else

create new cluster with
aircraft i and j

end
end

end
end

end
.

Algorithm 1: Clustering algorithm based on possible
interaction

Avoidance Constraint
For all combination of aircraft (i, j) ∈ Cp ,Kkl

ij = 1
implies that aircraft i executes maneuver mk

i ∈ M
feas
i

and aircraft j executes maneuver ml
j ∈M

feas
j :

Kkl
ij =⇒ mk

i +ml
j = 2. (12)

Combining this implication with a unicity constraint on
the choice of possible maneuvers for each combination
of aircraft: ∑

Kkl
ij ∈Kij

Kkl
ij = 1, (13)

ensures that the requirement of only one conflict-free
maneuver for each aircraft is met.

Maneuver Cost
The cost of each maneuver is determined by the

speed of its execution and the imminence of the conflict,
since there is risk of collision when the maneuver is



not implemented on time. For instance, it takes less
time to climb several hundred feet than accelerate 20
kts. The most efficient maneuver for conflict avoidance
is a vertical change. A heading change is the second
fastest maneuver to implement and a speed change is

the slowest. Therefore, the cost cm
k
i

ij for aircraft i of
maneuver mk

i to resolve the conflict with aircraft j will
depend on the imminence of a conflict if no maneuver is
executed, and if so, on the time to conflict t1, in minutes.

if no conflict : c∆θ < c∆FL < c∆V ,

if t1 < 2 : c∆FL < c∆θ < c∆V ,

if 2 ≤ t1 < 8 : c∆θ < c∆FL < c∆V ,

if 8 ≤ t1 : c∆V < c∆θ < c∆FL,

where c∆FL is the cost of a flight level change, c∆θ the
cost of a heading change and c∆V is the cost of a speed
change. The final cost for aircraft i to execute maneuver
l is given by:

c
mk

i
i =

∑
j∈Cp,j 6=i

c
mk

i
ij (14)

where Cp is the cluster of aircraft i.

Objective Function
The objective is to minimize the cost J of the

selected maneuvers. The algorithm thus minimizes
the cost Jp, for each cluster, subject to the avoidance
uniqueness constraints:

min
Cp,Mfeas

i

Jp = min
∑
i∈Cp

∑
mk

i ∈M
feas
i

c
mk

i
i mk

i . (15)

subject to the avoidance and uniqueness constraints.

Existence of a Solution
Given an initial limited set of potential maneuvers

Mi for each aircraft i, there might not exist a solution
all the aircraft. This can be the case if an aircraft that
in addition to being in conflict with another or several
other aircraft, is highly constrained by weather, sector
boundaries and performance. To resolve this issue, the
set of potential maneuvers for aircraft i and for the
aircraft in conflict, are extended, i.e a wider range of
heading changes is added. Before choosing the best
set of maneuvers, we check for each aircraft that there

exist several feasible maneuvers. If not, we add new
maneuvers to Mi and restart the algorithm. Even if
there exist several feasible maneuvers for each aircraft,
there might not exist a conflict free solution, which is
immediately detected by the MILP solver. The same
solution applies for this case, i.e increasing the set of
potential maneuvers. This process is iterated until a
solution exists.

Simulation Results
A 3-dimensional airspace, with 7 flight levels (350

to 410) was simulated. The airspace is a 400 NM
sided square. Aircraft are flying on distinct flight levels
but can change levels to avoid conflicts. Aircraft are
flying Westbound on even-numbered flight levels and
Eastbound on odd numbered flight levels. The values
of the simulation parameters are presented in Table 1.

Table 1: Parameters used for simulation
r0 2.5 NM.
rf 5 NM.
ṙ 50 kts.
tc For same flight level: 15 min.
tc When changing flight level: 5 min for flight

level crossed.
tc When changing flight level: 15 min for destina-

tion flight level.
tg 3 min.
tw 20 min.
ts 10 min.
∆θ ±20◦ and ±70◦.
∆V −20 kts.
∆FL ±2 flight levels.

Figure 4 presents a screenshot of the airspace dur-
ing the simulation. The polyhedron in the middle rep-
resents a weather phenomenon that should be avoided.
The weather does not cover all the flight levels in this
simulation so aircraft can fly over it. Figure 5 displays
the number of aircraft in the airspace and the number of
maneuvers executed at each time step. At t = 150 min,
the arrival rate of aircraft in the airspace was increased.
Resolution covers every three minutes of flight and
maneuvers are assumed to be instantaneously executed.
As the number of aircraft in the airspace increases,
the number and frequency of maneuvers required also
increases.

MATLAB was used to generate the feasible solu-



Figure 4: 2D and 3D view of the airspace during simula-
tion
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Figure 5: Number of aircraft and maneuvers.

tions and cluster the aircraft in the simulations. The
MIP was solved with CPLEX. The overall computation
time for one iteration is approximately one minute, using
a standard desktop computer. CPLEX was running on
parallel machines to deal with all the clusters. There
were up to 25 clusters. Each cluster is solved in a few
seconds.

Conclusion
In this paper, we presented an algorithm that en-

ables the spread of air traffic in the event of a degradation

in the CNS system. Starting with a finite number of pos-
sible maneuvers for each aircraft, we determine a set of
simple maneuvers that ensures a conflict-free airspace.
Such a tool could be used as a backup system for future
operations concepts. This centralized algorithm can
handle hundreds of aircraft using clustering and parallel
processing.
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